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Arrival Time Differences of Lensed Massive Gravitational Waves
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It is of fundamental importance to know the mass of gravitons. A simple method for
constraining the graviton mass is to compare the arrival time of light and that of gravitational
waves provided that both waves are simultaneously emitted from the same source. To date,
from observations of gravitational waves by the LIGO, the upper bound on the graviton mass
mg is given by mg . 5.0×10−23eV. However, when we compare the arrival time of light and
gravitational waves, lensing effects could be important for some cases. Moreover, in many
cases, the wavelength of gravitational waves is comparable with the gravitational radius of
a lens object. Hence, we calculate arrival time differences between electromagnetic waves
and massive gravitational waves by taking into account the effect of the gravitational wave
optics. Here we take two lens models, a point mass lens and a singular isothermal sphere
lens. We find that the lensing changes the arrival time difference of two waves by more than
a second for the massive gravitational waves detectable by the LISA.
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2I. INTRODUCTION
In 2015, the advanced Laser Interferometer Gravitational Observatory (LIGO) detected the
first event GW150914 and opened gravitational wave astronomy [1]. Since then, many gravitational
wave events have been already observed. Combining observations of gravitational waves with those
of electro-magnetic waves, we can obtain more information of the universe. Thus, we are now in a
stage of multi-messenger astronomy. In particular, it is possible to test modified gravity, namely
the deviation from general relativity. For example, some of the parameters in scalar-tensor gravity
theories are severely constrained [2].
General relativity is the most successful theory where gravitons are massless. Recently, mo-
tivated by the accelerated expansion of the Universe, modified theories of gravity have been in-
tensively investigated. Among them, massive gravity is an interesting possibility. Remarkably, a
consitent theory of massive gravity theory was constructed for the first time in 2010 [3]. Irrespec-
tive of this theoretical development, it is of fundamental importance to know the mass of gravitons.
In the recent paper, the LIGO collaboration announced a strong constraint on graviton mass mg
as mg . 5.0× 10−23eV [4]. This result has been obtained by comparison of the speed of light and
that of gravitational waves. If gravitational waves and electromagnetic waves are simultaneously
emitted from the same binary, the difference of arrival time shows the difference between photon
and graviton masses. Assuming photon is massless, we can estimate graviton mass from the arrival
time difference. Actually there are promising sources which emit both electromagnetic waves and
gravitational waves, such as supernovae, neutron star - neutron star binary, and neutron star-Black
hole mergers. Thus, we expect that we can estimate the graviton mass by using this method [5–7].
Indeed, more stringent constraints can be expected from the LISA in the future.
As we mentioned, the graviton mass makes the arrival time delayed compared to the massless
case. However, we need to consider the lensing effect for a distant source. It is known that lensing
distorts propagation path of massless gravitational waves in the same way as electromagnetic
waves in the geometric optics limit. Moreover, gravitational waves typically have wavelength
comparable to the gravitational radius of the lens objects. There, wave optics effects become
important[8, 9]. If we take into account wave optics effects [10–12], gravitational waves arrive
earlier than electromagnetic waves for massless gravitons [13]. Hence, we need to consider two
competitive effects, the delay due to the graviton mass and the advance due to the lensing effect.
We must evaluate the lensing effect of a lens object and see if the lensing effect is negligible or not.
Hence in this paper, we formulate the lensing of massive gravitational waves and calculate the
3arrival time difference in two lens models; a point mass lens and a singular isothermal sphere lens.
Measuring the lens mass and the frequency of gravitational waves, we will be able to estimate the
graviton mass correctly by using the LISA data in the future.
The structure of this paper is as follows. In section II, we derive the lensed waveform in the
leading order of the potential and the mass of gravitons. In section III, we derive general formula
of the arrival time difference between electromagnetic waves and massive gravitational waves and
apply the formula to two lens models. The final section IV is devoted to the conclusion. In this
paper, we use units G = c = ~ = 1.
II. LENSING OF MASSIVE GRAVITATIONAL WAVES
In this section, we derive the general formula for a lensed waveform of massive gravitational
waves.
If we ignore polarization, the equation of motion of gravitational waves coincides with that of
a scalar field. It is legitimate to assume that massive gravitational waves can be described by the
equation of a massive scalar field φ(t, ~r)[
1√−g∂µ
(√−ggµν∂ν)−m2g]φ(t, ~r) = 0 , (1)
where mg is the mass of gravitons and ~r is a position vector.
In Newtonian approximation, the metric around a lens object reads
ds2 = − (1 + 2U(~r)) dt2 + (1− 2U(~r)) d~r 2 , (2)
where U(~r) is the gravitational potential. From the Poisson equation
∇2U(~r) = 4piGρ(~r) , (3)
we can obtain the gravitational potential
U(~r) = −
∫
d3~r′
|~r − ~r′|ρ(~r
′) , (4)
where ρ(~r) is the mass density. Note that we can assume U(~r)  1. Using the metric (2) in eq.
(1), we obtain
[
ω2 +∇2 −m2g
]
φ˜(ω,~r) = 4ω2U(~r)
(
1− m
2
g
2ω2
)
φ˜(ω,~r) , (5)
where φ˜(ω,~r) is the Fourier transformation of φ(t, ~r) with respect to the time. ω is an angular
frequency and ∇2 ≡ ∂i∂i.
4FIG. 1. Schematic picture of gravitational wave lensing in the geometric optics limit. Observer, lens, and
source positions are (0, 0), (0, DL), (η, DS), respectively. We assume the thin lens approximation is valid.
Therefore, gravitational waves from the source are reflected only at (ξ, DL).
The right hand side of eq.(5) represents lensing effect which changes the path of wave propaga-
tion. Since the range of potential is small compared to the size of the system, we use the thin lens
approximation, namely, we assume that the lens potential U(~r) distorts the path of gravitational
waves only once near the lens. In Fig.1, we depicted a schematic picture of gravitational wave
lensing in the geometric optics limit. We take z axis as the direction from the observer to the lens
object. From now on, we represent three dimensional coordinates (x, y, z) as (X, z), where X is a
two dimensional position vector in the x− y plane, namely, X ≡ (x, y). The observer defines the
origin (0, 0), the lens obeject and the source are located at (0, DL) and (η, DS), respectively. We
call z = DL lens plane and z = DS source plane. Here, η is a 2 dimensional position vector of the
source on the source plane. Under the thin lens approximation, gravitational waves are bended
only once at the lens plane z = DL. Namely, gravitational waves are emitted from the source
(η, DS), refracted at the position (ξ, DL), and finally arrive at the observer (0, 0). Note that
a 2 dimensional position vector on the lens plane ξ is determined by the lens equation. We also
represent the distance between the lens plane and the source plane by DSL.
The solution of eq.(5) can be written as φ˜(ω,~r) = φ˜0(ω,~r) + φ˜1(ω,~r), where φ˜0(ω,~r) is the
5unlensed solution obtained by setting U(~r) = 0 and φ˜1(ω,~r) is the lensed solution with the thin
lens approximation. The unlensed solution is given by [14]
φ˜0(ω,~r) =
exp
[
i
√
ω2 −m2g
∫ DS dr]
4pi|~r − ~rs| . (6)
Using the unlensed solution, we can deduce the lensed solution as
φ˜1(ω,~r) =− ω
2pii
∫
d~r′
exp
[
i
√
ω2 −m2g
∫ DL dr]
|~r − ~r′|
× 2iωU(~r′)
(
1− m
2
g
2ω2
)
exp
[
i
√
ω2 −m2g
∫ DS
DL
dr
]
4pi|~r′ − ~rs| , (7)
where
∫ Di dr (i=L, SL, S) are the integrals along the propagation path and ~rs is the 3 dimensional
source position.
Now, we introduce the lensing amplification factor F as
F ≡ φ˜0 + φ˜1
φ˜0
. (8)
Using the thin lens approximation and ξ, η  Di, we obtain
F ' ω
2pii
DS
DLDSL
∫
d2ξe−
m2g
2ω2
× exp
iω
(
1− m
2
g
2ω2
)
DS
DLDSL
∣∣∣∣ξ − DLDS η
∣∣∣∣2
2
− ψ(ξ)

 , (9)
where we assumed mg  ω and took up to the second order of mg/ω. Here, we defined a two
dimensional gravitational potential ψ(ξ)
ψ(ξ) ≡
∫
dz 2U(ξ, z) . (10)
Note that ψ(ξ) has a constant of integration. For the unlensed case, i.e., U(~r) = 0, we should have
F = 1. Hence, we can determine the constant of integration so that F = 1 when U(~r) = 0. This
formula reduces to the known result in the limit mg = 0 [13]. The first and second terms in the
exponent are geometrical time delay and the Shapiro time delay, respectively [15].
It is convenient to define the phase function of the amplification factor as
T (ω) ≡ 1
iω
(
1− m2g
2ω2
) ln( F|F |
)
.
6By using φ˜ = Fφ˜0 and φ =
∫
dω exp[−iωt]φ˜, the gravitational wave form φ can be written as
φ ∝
∫
dωe
iω
(
1− m
2
g
2ω2
)
(DS+T (ω))−iωt
. (11)
In the next section, we derive the propagation time of gravitational waves with the phase function
and apply the formula to the two lens models, Point Mass lens (PM) and Singular Isothermal
Sphere lens (SIS).
III. ARRIVAL TIME DIFFERENCES
In this section, we compute the arrival time difference for the point mass lens and the singular
isothermal sphere lens. The behavior of lensing amplification factor depends on the frequency ω
of gravitational waves. Hence, we carefully treat the amplification both for the geometrical optics
limit and the wave optics limit, separately.
A. Group Velocity
In this subsection, we derive the group velocity of massive gravitational waves. Consider grav-
itational waves with a gaussian distribution of frequencies centered at ω0 and the dispersion σ
2.
The exponent of eq. (11) can be expanded around ω0 as
i
(
ω − m
2
g
2ω
)
(DS + T (ω))− iωt
'i
(
ω0 −
m2g
2ω0
)
(DS + T (ω0))− iω0t
+ i
((
1 +
m2g
2ω20
)
(DS + T (ω0)) +
(
ω0 −
m2g
2ω0
)
T ′(ω0)− t
)
δω
+ i
{
−m
2
g
ω30
(DS + T (ω0)) + 2
(
1 +
m2g
2ω20
)
T ′(ω0) +
(
ω0 −
m2g
2ω0
)
T ′′(ω0)
}
δω2 , (12)
where a dash represents a partial derivative with respect to the frequency. Denoting the coefficients
of δω2 as N , we have
φ ∝
∫
d(δω)
1√
2piσ2
e−
δω2
2σ2 × eiω0
(
1− m
2
g
2ω20
)
(DS+T (ω0))−iω0t
× ei
((
1+
m2g
2ω20
)
(DS+T (ω0))+
(
ω0− m
2
g
2ω0
)
T ′(ω0)−t
)
δω+iNδω2
.
7After integration, we can deduce the group velocity of gravitational waves as
∝eiω0
(
1− m
2
g
2ω20
)
(DS+T (ω0))−iω0t
× e
1
4(iN− 1
2σ2
)
((
1+
m2g
2ω20
)
(DS+T (ω0))+ω0
(
1− m
2
g
2ω20
)
T ′(ω0)−t
)2
. (13)
The last factor describes the time evolution of wave packets. Thus, the propagation time is given
by the formula
t =
(
1 +
m2g
2ω20
)
(DS + T (ω0)) + ω0
(
1− m
2
g
2ω20
)
T ′(ω0) . (14)
In the geometric optics limit, we can use Fermat’s Principle, namely, waves reflect at the sta-
tionary point of the phase ξ = ξ(η)
∂ξ
iω
(
1− m
2
g
2ω2
) DSDLDSL
∣∣∣∣ξ − DLDS η
∣∣∣∣2
2
− ψ(ξ)

 = 0 . (15)
Thus we can calculate the phase function in the geometric optics limit Tgeo
Tgeo =
DS
DLDSL
∣∣∣∣ξ(η)− DLDS η
∣∣∣∣2
2
− ψ(ξ(η)) . (16)
This result is independent of ω, so reproduces eq.(20) - (23) in the previous work (in the subhorizon
limit a(t) = 1) [16]. In the wave optics limit, on the other hand, we must evaluate the integral in
eq.(9) accurately.
In a realistic situation, the frequency of gravitational waves is in the wave optics range and
the frequency of electromagnetic waves is in the geometrical optics range. Hence, there appears
the arrival time difference. Now, we can define the arrival time difference between electromagnetic
waves and gravitational waves as
∆t ≡ (propagation time of EMWs)− (propagation time of GWs) . (17)
Here, we assumed the mass of a photon exactly vanishes. In the following subsections, we calculate
∆t for the point mass lens and the singular isothermal sphere lens. As an illustration, we consider
a single lens object at the center of our galaxy and gravitational waves from the opposite side of
the center of our galaxy. In this paper, we assume electromagnetic waves and gravitational waves
are emitted from the source at the same time, the lens object is around the center of our galaxy
(DL = 8 kpc), and DS ' DSL ' 40 Mpc [17].
8B. Point Mass Lens
As the first example, we consider a point mass lens. Since the lens is located at (0, DL), the
mass density is given by
ρ(~r) = MLδ
3(~r − (0, DL)) , (18)
where ML is the mass of a lens object. It is easy to get the lens potential
U(~r) = − ML|~r − (0, DL)| . (19)
After integration, we obtain the two dimensional potential
ψ(ξ) = 4ML ln |ξ| , (20)
Inserting eq. (20) into eq. (9), we can deduce the amplification factor.
Using the Einstein radius ξ0 in this model defined by (for example, see [18])
ξ0 =
√
4ML
DLDSL
DS
, (21)
we can define dimensionless positions y and u as
y ≡ ξξ0 ,
u ≡ DLDS
η
ξ0
.
(22)
Using these variables, we can rewrite the amplification factor F as
F =
We−
m2g
2ω2
2pii
∫
d2y exp
[
iW
(
1− m
2
g
2ω2
)( |y − u|2
2
− ln |y|
)]
, (23)
where W ≡ 4MLω is the dimensionless frequency.
In the geometric optics limit (1W ), we can apply the Fermat’s Principle to the integral (23).
Using variables (22), the Fermat’s Principle is written as ∂y
( |y−u|2
2 − ln |y|
)
= 0. As the simplest
setup, we assume that y is parallel to u. Thus, the magnitude y(u) ≡ |y(u)| reads
y(u) =
u±√u2 + 4
2
.
Here, the plus and minus signs correspond to outer and inner images of lensing. Inserting this into
eq. (16), the phase function becomes
TPM, geo,± = 4ML
(
u2 + 2∓ u√u2 + 4
4
− ln
∣∣∣∣u±
√
u2 + 4
2
∣∣∣∣
)
.
9Thus, the propagation time in the geometric optics limit is
tPM, geo,± =
(
1 +
m2g
2ω2
){
DS + 4ML
(
u2 + 2∓ u√u2 + 4
4
− ln
∣∣∣∣u±
√
u2 + 4
2
∣∣∣∣
)}
. (24)
Hereafter, we set u = 0.8 for simplicity.
In the wave optics limit (W  1), on the other hand, the amplification factor becomes
F ∝ exp
 iW
(
1− m2g
2ω2
)
2
ln
W
(
1− m2g
2ω2
)
2
+ γ

 , (25)
where γ is the Euler constant. So the phase function can be evaluated as
TPM, wave(ω) = 2ML
{
ln
(
2MLω
(
1− m
2
g
2ω2
))
+ γ
}
,
and therefore the propagation time is given by
tPM, wave =
(
1 +
m2g
2ω20
){
DS + 2ML
[
ln
(
2MLω
(
1− m
2
g
2ω2
))
+ γ + 1
]}
. (26)
Before computing ∆t in the LISA band, we check if the wave optics effect is relevant or not in
the LIGO band. From the formula
W = 2× 10−4
(
M
104M
)( ω
1mHz
)
,
we see, for the LIGO frequency band 10− 103Hz, lens objects with 104M < ML lead to 1 < W .
Namely, the wave optics effect is not relevant. For the lens mass ML < 10
4M, the time advance
due to the wave effect
|2ML| ∼ 0.1
(
ML
104M
)
s
is small. We can also evaluate the time delay due to the graviton mass as(mg
ω
)2
DS = 0.46
( mg
10−26eV
)(1mHz
ω
)2( DS
40Mpc
)
s .
This delay is also negligible for the LIGO band. Thus, both the wave optics effect and the effect
of graviton mass for the LIGO band is negligible. For the LISA band, on the other hand, the wave
effect is relevant for a lens mass smaller than 108M. Moreover, both the time advance due to
the wave effect and the time delay due to the graviton mass becomes sizable. For example, if the
graviton mass is 10−26 eV and the lens mass is 104M, the arrival time difference is on the order
of a second. Of course, the detail depends on the lens model, which we are now investigating.
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FIG. 2. Arrival time differences for a point mass lens in the LISA band. For drawing red and blue lines,
we assumed ML = 5 × 104M. We also depicted black lines corresponding to unlensed cases ML = 0.
Plus and minus signs correspond to red and blue. Horizontal axes represents a frequency f ranging W =
6 × 10−6 − 6 × 10−2  1 (wave optics limit). Each solid line represents the graviton mass in the range
mg = 10
−25 − 10−28eV and the dashed line represents mg = 0. From this figure, we can see that the arrival
time difference due to the lensing effect is on the order of O(1), so we must consider the lensing effect in the
analysis of the LISA data.
Now, we see ∆t in the LISA band. Figure 2 represents ∆t for three cases. Red and blue
lines represent lensed cases with ML = 5× 104M, and black lines represent unlensed cases. The
frequency band in this figure corresponds to W = 6× 10−6 − 6× 10−2. Each solid line represents
the graviton mass in the range mg = 10
−25 ∼ 10−28eV and the dashed line represents mg = 0.
Here the gaps between red (blue) and black lines in this figure is on the order of a second due to
the lensing effect. The error in the LISA band is of the same order [19], so it can be important for
the LISA data. Therefore, we must consider the lensing effect when we estimate the graviton mass
using the LISA data. In principle, by measuring the arrival time difference ∆t and the frequency
ω, we can estimate the graviton mass with this figure.
C. Singular Isothermal Sphere Lens
For a singular isothermal sphere lens model, we take the mass density
ρ(~r) =
σ2
2pi|~r2| , (27)
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FIG. 3. Arrival time difference of SIS lens in the LISA frequency band. Axes are same as fig 2. Here we
set ML = 5 × 104M and σ ' 80km/sec, so plot range of W is same as fig 2. Each solid line differs in
mg = 10
−24 ∼ 10−27eV and dashed lines represent mg = 0.
where σ is a velocity dispersion. We can deduce the gravitational potential
U(~r) = 2σ2 ln
( |~r|
r0
)
, (28)
where r0 is the cut off scale. It is easy to get the two dimensional gravitational potential
ψ(ξ) = 4piσ2|ξ| . (29)
The Einstein radius and the lens mass in this model are given by
ξ0 =
4piσ2DLDSL
DS
, (30)
and
ML =
4pi2σ4DLDSL
DS
, (31)
respectively.
The amplification factor F in this model reads [20]
F ' We
− m
2
g
2ω2
2pii
∫
d2y exp
iW
(
1− m
2
g
2ω2
)
∣∣∣∣y − u∣∣∣∣2
2
− |y|

 , (32)
where we used W = 4MLω.
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In the geometric optics limit (1W ), we can apply Fermat’s Principle and get
y(u) = u± 1 .
Hence, the phase function is obtained as
TSIS, geo,± = 4ML
(
∓u− 1
2
)
and the propagation time is given by
tSIS, geo,± =
(
1 +
m2g
2ω2
){
DS + 4ML
(
∓u− 1
2
)}
. (33)
In wave optics limit (W  1), the phase function is given by
TSIS, wave(ω) = 4ML
−
√
pi
2
(
4MLω
(
1− m
2
g
2ω2
))−1/2
−
(
1− pi
4
)
and the propagation time can be evaluated as
tSIS, wave '
(
1 +
m2g
2ω2
)DS + 4ML
−
√
pi
4
(
4MLω
(
1− m
2
g
2ω2
))−1/2
−
(
1− pi
4
)
 . (34)
In Fig.3, we depicted the arrival time difference ∆t using the formulas (33) and (34). The red and
blue lines are lensed cases with σ ' 80 km/sec. The time difference ∆t in the singular isothermal
sphere lens is larger than that in the point mass lens.
Thus, we have shown that the arrival time difference of gravitational waves and electro-magnetic
waves depends on lens models.
IV. CONCLUSION
Since it is important to know the mass of gravitons, we have studied a simple method for con-
straining the graviton mass. The method is to compare the speed of light and that of gravitational
waves by assuming the simultaneous emission of both waves from the same source. What we need
is to compare the arrival time difference. However, when we compare the arrival time of light and
gravitational waves, lensing effects could be important. Moreover, wave optics would be relevant
for lensing of gravitational waves. In fact, in many cases, the wavelength of gravitational waves is
comparable with the gravitational radius of a lens object. Thus, we have derived the arrival time
difference between lensed electromagnetic waves and massive gravitational waves using the wave
optics in gravitational lensing. We used a point mass lens and a singular isothermal sphere lens.
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We have shown that when waves in the LISA band pass near a massive object ML ∼ 5× 104M,
the arrival time difference is about O(1) sec for a point mass lens and about O(100) sec for a
singular isothermal sphere lens. Therefore, when we estimate graviton mass from the LISA data
in future, the lensing effect must be considered.
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